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Abstract

Data uncertainty can be caused by numerous factors such as measurement preci-

sion limitations, network latency, data staleness and sampling errors. When mining

knowledge from emerging applications such as sensor networks or location based

services, data uncertainty should be handled cautiously to avoid erroneous results.

In this paper, we apply probabilistic and statistical theory on uncertain data and

develop a novel method to calculate conditional probabilities of Bayes theorem.

Based on that, we propose a novel Bayesian classification algorithm for uncertain

data. The experimental results show that the proposed method classifies uncertain

data with potentially higher accuracies than the Naive Bayesian approach. It also

has a more stable performance than the existing extended Naive Bayesian method.
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1 Introduction

In many applications, data contains inherent uncertainty. A number of factors

contribute to the uncertainty, such as the random nature of the physical data
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generation and collection process, measurement and decision errors, unreliable

data transmission and data staling. For example, in location based services,

moving objects of interest are attached with locators and the information

is periodically updated and streamed to the control center. However, those

location data are typically inaccurate due to locator energy and precision

limitation, network bandwidth constraint and latency. There are also massive

uncertain data in sensor networks such as temperature, humidity and pressure.

When mining knowledge from these applications, data uncertainty needs to

be handled with caution. Otherwise, unreliable or even wrong mining results

would be obtained. In this paper, we focus on Naive Bayesian classification

for uncertain data. Naive Bayesian classification is tremendously appealing be-

cause of its simplicity, elegance, and robustness. It is one of the oldest formal

classifications, and it is often surprisingly effective. A large number of modifi-

cations have been introduced by the statistical, data mining, machine learning,

and pattern recognition communities in an attempt to make it more flexible

[30]. It is widely used in areas such as text classification and spam filtering.

Based on Naive Bayesian classification, we propose a novel method to directly

classify and predict uncertain data in this paper. The main contributions of

this paper are:

• Based on a new method to calculate conditional probabilities of Bayes the-

ory, we extend Naive Bayesian classification so that it can process uncertain

data.

• We prove through extensive experiments that the proposed classifier can

be efficiently generated and it can classify uncertain data with potentially

higher accuracies than Naive Bayesian classifier. Furthermore, the proposed

classifier is more suitable for mining uncertain data than the previous work

[24].

This paper is organized as follows. In the next section, we discuss related work.

Section 3 introduces basic concepts of Naive Bayesian classification. Section

4 describes the techniques to calculate conditional probabilities for uncertain

numerical data sets. Section 5 describes the Bayesian algorithm for uncertain

data and its prediction. The experimental results are shown in Section 6.

Section 7 concludes the paper.
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2 Related Work

Uncertain data, also called symbolic data [5,14], has been studied for many

years. Many works focus on clustering [8,7,17,21,12]. The key idea is that

when computing the distance between two uncertain objects, the probability

distributions of objects are used to calculate the expected distance. In [12],

Cormode et al. show reductions to their corresponding weighted versions on

data with uncertainties. In [31], Xia et al. introduce a new conceptual cluster-

ing algorithm for uncertain categorical data.

Classification is a well-studied area in data mining. Many methods have been

proposed in the literature, such as decision tree [26], rule-based classifications

[11], Bayesian classifications [18] and so on. In spite of the numerous meth-

ods, building classification based on uncertain data remains a great challenge.

There is early work performed on developing decision trees when data con-

tains missing or noisy values [25,20]. Various strategies have been developed

to predict or fill missing attribute values, for example, Dayanik [13] presented

feature interval learning algorithms which represent multi-concept descrip-

tions in the form of disjoint feature intervals. However, the problem studied

in this paper is different from before - instead of assuming part of the data

has missing or noisy values, we allow the whole dataset to be uncertain, and

the uncertainty is not shown as missing or erroneous values, but represented

as uncertain intervals with probability distribution functions [9].

Recently, Tsang et al [28] and Qin et al [22] independently developed decision

tree classifications for uncertain data. Both adopt the technique of fractional

tuple for splitting tuples into subsets when the domain of its PDF spans across

the cut point. Tsang et al [28] converted every numerical value into a set of s

sample points between the uncertain interval [aj, bj] with the associated value

f(x), effectively approximating every f(x) by a discrete distribution. Qin et

al. also proposed a rule-based classification [23]. The key problem in learning

rules is to efficiently identify the optimal cut points from training data. For

uncertain numerical data, an optimization mechanism is proposed to merge

adjacent bins which have equal classifying class distribution. In our earlier

work, we proposed a Bayesian classification method for uncertain data[24]. It

will be compared with our new approach in this paper.
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There is also some research on OLAP computation on uncertain data [6], and

on identifying frequent item sets and association mining [3,4,10,15,32] from

uncertain data sets. In these work, the support of itemsets and confidence of

association rules are integrated with the existential probability of transactions

and items.

3 Background

The naive Bayesian classifier estimates the class-conditional probability by

assuming that the attributes are conditionally independent, given the class

label Ck. Suppose that there are n classes, C1, C2, . . . , Cn, the conditional

independence assumption can be formally stated as follows:

P (X|Ck) = Πm
i=1P (Xi|Ck)

where every attribute set X = {X1, X2, . . . , Xm} consists of m attributes.

With the conditional independent assumption, instead of computing the class-

conditional probability for every combination of X, we only have to estimate

the conditional probability of every Xi given Ck. The latter approach is more

practical because it does not require a very large training set to obtain a good

estimation of the probability [27]. To classify a test record, the naive Bayesian

classifier computes the posterior probability for every class Ck as follows:

P (Ck|X) =
P (Ck)Π

m
i=1P (Xi|Ck)

P (X)
(1)

Since P (X) is fixed for every Ck, it is sufficient to choose the class that max-

imizes the numerator term, P (Ck)Π
n
i=1P (Xi|Ck).

A common assumption, not intrinsic to the naive Bayesian classification but

often made nevertheless, is within every class, the values of numeric attributes

are normally distributed. One can represent such a distribution in terms of

its mean and variance, and one can efficiently compute the probability of an

observed value from such estimations. For continuous attributes we have
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P (xi ≤ Xi ≤ xi + ∆|Y = yi) =

xi+∆
∫

xi

f(x; µ, σ2)dx

≈ f(x; µ, σ2) × ∆

where ∆ is a small constant.

Table 1

Training Set for predicting borrowers who will default on loan payments

RowID Home Marital Annual Defaulted

Owner Status Income Borrower

1 Yes Single 110-120 No

2 No Married 100-120 No

3 No Single 60-85 No

4 Yes Married 110-145 No

5 No Divorced 110-120 Yes

6 No Married 50-80 No

7 Yes Divorced 170-250 No

8 No Single 85-100 Yes

9 No Married 80-100 No

10 No Single 120-145 Yes

11 No Divorced 105-125 Yes

12 No Divorced 80-95 No

4 Conditional probabilities for uncertain numerical attributes

In this section, we describe the uncertain data model and the new approach

for calculating conditional probabilities for uncertain numerical data. In this

paper, we focus on the uncertainty in attributes and assume the class type is

certain.
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4.1 A model for uncertain numerical data

When the value of a numerical attribute is uncertain, the attribute is called

an uncertain numerical attribute (UNA) [9]. We use Aij to denote the jth

instance of Ai. The value of Ai is represented as a range or interval [19,33,34]

and the probability distribution function (PDF) over this range [23]. Note that

Ai is treated as a continuous random variable. The PDF f(x) can be related

to an attribute if all instances have the same distribution, or related to every

instance if every instance has different distributions.

Table 1 shows an example of UNA. The data in this table are used to predict

whether borrowers will default on loan payments. Among all the attributes,

the Annual Income is a UNA, whose precise value is not available. We only

know the range of the Annual Income of every person and the PDF f(x) over

that range. The probability distribution function of the UNA attribute Annual

Income is assumed to be normal and the PDF f(x) is not shown in Table 1.

For an uncertain numerical attribute value [Aij.a, Aij.b], µj can be estimated

as (a+b)/2 since there are no biased error; and σj can be estimated as (b−a)/6

since the probability that a value falls within the mean plus minus 3 standard

deviation is more than 99% for a normal random variable [16].

Definition 1 An uncertain interval of Aij, denoted by Aij.U , is an interval

[Aij.a, Aij.b] where Aij.b ≥ Aij.a.

Definition 2 An uncertain PDF of Aij is denoted by Aij.f(x), such that
∫ Aij .b

Aij .a Aij.f(x)dx = 1,
∫ Aij .a
−∞

Aij.f(x)dx = 0 and
∫

∞

Aij .b Aij.f(x)dx = 0.

Definition 3 Assume an interval random variable Z has m instances and

every instance can be observed with equal probability 1/m, the empirical density

function of Z is

f(x) =
1

m

m
∑

j=1

fj(x) (2)

where fj(x) denotes the density function of the jth instance of Z.
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4.2 Conditional probabilities of Bayes theorem

If an attribute A is numerical, it is often assumed to have a Gaussian distribu-

tion for naive Bayesian classification. If an attribute A is uncertain numerical,

we can also assume it has a Gaussian distribution, i.e.,

P (A|Ck) =
1√

2πσk

e
−

(x−µk)2

2σ2
k (3)

The following sections discuss two methods to calculate µk and σ2
k for uncertain

numerical data sets.

4.2.1 The proposed Bayes theorem for uncertain data

We assume that an interval-valued random variable Z is satisfied with Gaus-

sian distribution and every instance zj is also satisfied with Gaussian distribu-

tion in its own interval. The following theorem discusses the way to calculate

the parameters of Gaussian distribution of the interval-based random variable

Z.

Theorem 1 For an interval-valued random variable Z, its observed values

are [aj, bj] for j = 1, . . . ,m. Let A and B be random variables denoting the

minimal and maximal values of the sample interval; then Z satisfies the dis-

tribution of

P (Z|(A,B)) ∼ N(µ̂A+B
2

, Ŝ2
A+B

2
+ ∆)

where ∆ = 1

m

∑m
j=1(

bj−aj

6
)2.

Proof. We recall that the empirical mean µ̂ in terms of the empirical density

function is

µ̂ =

∞
∫

−∞

xf(x)dx

Substituting from Equation (2), we have
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µ̂ =

∞
∫

−∞

x
1

m

m
∑

j=1

fj(x)dx

=
1

m

m
∑

j=1

bj
∫

aj

x

σj

√
2π

exp(−1

2
(x − µj)

2/σ2
j )dx

We can use two well-known equations
∫

∞

−∞
exp(−1

2
t2)dt =

√
2π and

∫

∞

−∞
x ·

exp(−1

2
t2)

dt = 0 to calculate the above integral. On substituting t = (x − µj)/σj, we

have dx = σjdt. Thus

µ̂ =
1

m

m
∑

j=1

1

σj

√
2π

bj
∫

aj

σj(µj + σjt)exp(−1

2
t2)dt

=
1

m
√

2π

m
∑

j=1

(

µj

bj
∫

aj

exp(−1

2
t2)dt + σj

bj
∫

aj

t ∗ exp(−1

2
t2)dt

)

=
1

m
√

2π

m
∑

j=1

(µj

√
2π + 0)

=
1

m

m
∑

j=1

µj

=
1

m

m
∑

j=1

aj + bj

2

= µ̂A+B
2

Similarly, we can derive the sample variance.

Ŝ2 = E(Z2) − (E(Z))2

=

∞
∫

−∞

x2 1

m

m
∑

j=1

fj(x)dx − (
1

m

m
∑

j=1

aj + bj

2
)2

=
1

m

m
∑

j=1

bj
∫

aj

x2fj(x)dx − (
1

m

m
∑

j=1

aj + bj

2
)2

We first derive y =
∫ bj

aj
x2fj(x)dx. Using, once again, the substitution t =

(x − µj)/σj.
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y =

bj
∫

aj

x2fj(x)dx

=
1

σj

√
2π

bj
∫

aj

σj(µj + σjt)
2exp(−1

2
t2)dt

=
1√
2π

bj
∫

aj

(µ2
j + 2µjσjt + (σjt)

2)exp(−1

2
t2)dt

=
1√
2π

(

µ2
j

bj
∫

aj

exp(−1

2
t2)dt + 2µjσj ∗

bj
∫

aj

t ∗ exp(−1

2
t2)dt + σ2

j

bj
∫

aj

t2 ∗ exp(−1

2
t2)dt

)

=
1√
2π

(µ2
j

√
2π + 2µjσj ∗ 0 + σ2

j

√
2π)

= µ2
j + σ2

j

Hence,

Ŝ2 =
1

m

m
∑

j=1

(µ2
j + σ2

j ) − (
1

m

m
∑

j=1

aj + bj

2
)2

=
1

m

m
∑

j=1

((
aj + bj

2
)2 + (

bj − aj

6
)2) − (

1

m

m
∑

j=1

aj + bj

2
)2

=
1

m

m
∑

j=1

(
aj + bj

2
)2 − (

1

m

m
∑

j=1

aj + bj

2
)2 +

1

m

m
∑

j=1

(
bj − aj

6
)2

= Ŝ2
A+B

2
+

1

m

m
∑

j=1

(
bj − aj

6
)2

= Ŝ2
A+B

2
+ ∆

Thus the theorem is proved. 2

This approach can also be applied to certain data. When a data instance is

certain, it is a point instead of an interval; therefore, A = B = Z. Conse-

quently, the mean of the whole data set is µ̂ = µ̂A+B
2

= µ̂Z+Z
2

= µZ . The

variance of the dataset is
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Ŝ2 = Ŝ2
A+B

2
+

1

m

m
∑

j=1

(
bj − aj

6
)2

= Ŝ2
A+B

2
= Ŝ2

Z

This shows that for certain data, the mean is estimated to be µ̂Z and the

variance is estimated to be Ŝ2
Z , which is consistent with naive Bayesian clas-

sification. Therefore, µ̂ = µ̂A+B
2

and Ŝ2 = Ŝ2
A+B

2

+ 1

m

∑m
j=1(

bj−aj

6
)2 are general

forms of mean and variance estimation for both uncertain and certain numer-

ical data. Actually, certain data can be treated as a special case of uncertain

data which has zero uncertainty. When data has zero uncertainty, its process

automatically evolves to naive Bayesian classification.

Example 1 Refer to the data shown in Table 1. For the uncertain numerical

attribute Annual Income, according to Theorem 1, the mean and variance with

respect to class No are as follows.

û = ûA+B
2

=
1

8
(
110 + 120

2
+

100 + 120

2
+

60 + 85

2
+

110 + 145

2

+
50 + 80

2
+

170 + 250

2
+

80 + 100

2
+

80 + 95

2
)

= 109.7

Ŝ2 =
1

m

m
∑

j=1

(
aj + bj

2
)2 − (

1

m

m
∑

j=1

aj + bj

2
)2 +

1

m

m
∑

j=1

(
bj − aj

6
)2

= 13864.84 − 12031.35 + 35.67

= 1869.2

4.2.2 The previous Bayes theorem for uncertain data

For every uncertain variable Z, its observed value is in the form of [aj, bj].

Suppose its true value is zj, then aj ≤ zj ≤ bj as shown in Figure 1. We

denote the left error (negative error) with ǫ1j, the right error (positive error)

with ǫ2j, and the overall error with ǫj. Since common errors such as measure-

ment imprecision can usually be approximated by Gaussian distributions, we

assume the left error is a Gaussian distribution with mean µ and variance

σ2
1, that is, ǫ1j ∼ (µ, σ2

1). Similarly, we assume the right error is a Gaussian
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distribution with mean µ and variance σ2
2, ǫ2j ∼ (µ, σ2

2), and the overall error

is a Gaussian distribution with mean 0 and variance σ2, ǫ ∼ (0, σ2). Here we

focus on statistically random error, which is the most common type of error

in practice; therefore we assume that the left error and the right error have

the same mean µ, and the overall error has a mean 0. If the error is statisti-

cally negatively or positively biased, the assumptions and computations can

be easily adjusted. The following theorem discusses the way to calculate the

parameters of Gaussian distribution of the error-based random variable Z.

ja jbjzj1
? j2

?

Fig. 1. An example uncertain data interval

Theorem 2 [24] Assume an uncertain numerical attribute Z satisfies Gaus-

sian distribution. Let A and B be the random variable denoting the minimal

and maximal values of the sample interval respectively; ǫ1j, ǫ2j and ǫ denote

the left error (negative error), the right error(positive error) and the overall

error respectively. Assume ǫ1j ∼ (µ, σ2
1). ǫ2j ∼ (µ, σ2

2), ǫ ∼ (0, σ2), ǫ1j and ǫ2j

are independent, then Z satisfies the distribution of

P (Z|(A,B)) ∼ N(µ̂A+B
2

, Ŝ2
A+B

2
− ∆)

where ∆ = Ŝ2
B−A

2

.

Proof. Because Z satisfies Gaussian distribution, assume zj = µj +ǫj. Hereby,

we need to estimate µj and ǫj. As shown in Figure 1, we have

aj = zj − ǫ1j

bj = zj + ǫ2j

From the above equations, we get

aj = µj + ǫj − ǫ1j

bj = µj + ǫj + ǫ2j

bj + aj = 2µj + 2ǫj + ǫ2j − ǫ1j

bj − aj = ǫ1j + ǫ2j
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Gaussian distribution has the property that for two independent Gaussian

random variables, their sum and difference are also normally distributed.

That is, if X ∼ N(µX , σ2
X) and Y ∼ N(µY , σ2

Y ) are independent Gaussian

random variables, then their sum is normally distributed with X + Y ∼
N(µX +µY , σ2

X +σ2
Y ) and their difference is normally distributed with X−Y ∼

N(µX − µY , σ2
X + σ2

Y ). According to our assumption, ǫ1j and ǫ2j are indepen-

dent Gaussian random variables. Since bj − aj = ǫ1j + ǫ2j, the variance of

bj − aj, denoted as Ŝ2
B−A, should be

Ŝ2
B−A = Ŝ2

ǫ1j+ǫ2j

= Ŝ2
ǫ1j

+ Ŝ2
ǫ2j

= σ2
1 + σ2

2

Since aj + bj = 2µj + 2ǫj + ǫ2j − ǫ1j, 2µj is a constant whose variance is 0, ǫj,

ǫ1j and ǫ2j are all Gaussian random variables, and the variance of aj + bj is

Ŝ2
B+A = Ŝ2

2ǫj+ǫ2j−ǫ1j

= Ŝ2
2ǫj

+ Ŝ2
ǫ2j

+ (−1)2Ŝ2
ǫ1j

= (2σ)2 + σ2
2 + σ2

1

= 4σ2 + σ2
2 + σ2

1

Therefore, Ŝ2
B+A − Ŝ2

B−A = 4σ2, and subsequently

σ2 =
Ŝ2

A+B − Ŝ2
B−A

4

= Ŝ2
A+B

2
− Ŝ2

B−A
2

Further, since aj+bj = 2µj+2ǫj+ǫ2j−ǫ1j, E(A+B) = E(2µj+2ǫj+ǫ2j−ǫ1j) =

E(2µj) + E(2ǫj) + E(ǫ2j) − E(ǫ1j) = 2µj + 0 + µ − µ = 2µj, thus

µj =
E(A + B)

2

=
µ̂A+B

2
= µ̂A+B

2

12



So the Gaussian distribution of every uncertain numerical attribute is P (Z|(A,B))

∼ N(µ̂A+B
2

, Ŝ2
A+B

2

− Ŝ2
B−A

2

). Thus the theorem is proved. 2

Please note that this approach also applies to certain data. When a data

instance is certain, it is a point instead of an interval; therefore, the minimal

boundary is the same as its maximal boundary, that is, A = B = Z. Therefore,

the mean of the whole dataset is µ̂A+B
2

= µ̂Z . The variance of the dataset is

Ŝ2
A+B

2
− Ŝ2

B−A
2

= Ŝ2
Z+Z

2
− Ŝ2

Z−Z
2

= Ŝ2
Z .

So for certain data, the mean is estimated to be µ̂Z and the variance is esti-

mated to be Ŝ2
Z , which is consistent with the naive Bayes classification algo-

rithm. Therefore,

P (Z|(A,B)) ∼ N(µ̂A+B
2

, Ŝ2
A+B

2
− Ŝ2

B−A
2

)

is also a general form for mean and variance calculations. It applies to both

uncertain and certain numerical data.

Example 2 Refer to the data shown in Table 1. For the uncertain numerical

attribute Annual Income, according to Theorem 2, the mean and variance with

respect to class No are as follows.

û = ûA+B
2

= 109.7

Ŝ2 = Ŝ2
A+B

2
− Ŝ2

B−A
2

=
1

m

m
∑

j=1

(
aj + bj

2
)2 − (

1

m

m
∑

j=1

aj + bj

2
)2 − 1

m

m
∑

j=1

(
bj − aj

2
)2 + (

1

m

m
∑

j=1

bj − aj

2
)2

= (13864.84 − 12031.35) − (321.09 − 215.72)

= 1728.1
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Algorithm 1 NBU1(Dataset D)

begin

1: for (Every instance Tj ∈ D) do

2: for (Every attribute Ai) do

3: if (Ai is uncertain numerical) then

4: sumi = (Aij.max + Aij.min)/2;

5: diffi+ = (Aij.max − Aij.min) ∗ (Aij.max − Aij.min)/36;

6: N(µi, σ
2
i ) = updateGaus(sumi, Tj.w);

7: else

8: use naive Bayesian algorithm;

9: end if ;

10: end for;

11: weighti+ = Tj.w;

12: end for;

13: for (Every uncertain numerical attribute Ai) do

14: Ŝ2
i = σ2

i + diffi/weighti ;

15: end for;

end

5 Uncertain Bayesian Classification and Prediction

Based on Theorem 1 and Theorem 2, this section discusses the techniques to

construct the classifier for uncertain data and predict the class type of previous

unseen data. If the classification is based on Theorem 1, we call it Naive

Bayesian classification one and denote it by NBU1. The other classification is

called Naive Bayesian classification two and denoted by NBU2 [24].

5.1 The Bayesian algorithms for uncertain data

In this section, we first present NBU1, which is shown in Algorithm 1. Its

principal steps are as follows:

• For every uncertain numerical attribute instance Ai, let sum i = (Aij.max+

Aij.min)/2 and diffi+ = (Aij.max − Aij.min) ∗ (Aij.max − Aij.min)/36.

Then we update the Gaussian distribution N(µi, σ
2
i ) by Function update-
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Gaus() (steps 3-6).

• For every certain attribute instance Ai, we use naive Bayesian algorithm

(step 8).

• For every instance Tj, we update weighti (step 11).

• Finally, we modify the variance Ŝ2
i for every uncertain numerical attribute

Ai using Theorem 1 (steps 13-15).

NUB2 is shown in Algorithm 2 with major steps as follows:

• For every uncertain numerical attribute instance Ai, let sum i = (Aij.max+

Aij.min)/2 and diffi = (Aij.max − Aij.min)/2. Then we update the Gaus-

sian distribution N(µ+
i , (σ+

i )2) and N(µ−

i , (σ−

i )2) by Function updateGaus()

(steps 3-7).

• For every certain attribute instance Ai, we use naive Bayesian algorithm

(step 9).

• Finally, we modify the variance Ŝ2
i for every uncertain numerical attribute

Ai using Theorem 2 (steps 13-16).

Algorithm 2 NBU2(Dataset D)

begin

1: for (Every instance Tj ∈ D do) do

2: for (Every attribute Ai do) do

3: if (Ai is uncertain numerical) then

4: sumi = (Aij.max + Aij.min)/2;

5: diffi = (Aij.max − Aij.min)/2;

6: N(µ+
i , (σ+

i )2) = updateGaussian(sumi, Tj.w);

7: N(µ−

i , (σ−

i )2) = updateGaussian(diffi , Tj.w);

8: else

9: use naive Bayesian algorithm;

10: end if ;

11: end for;

12: end for;

13: for (Every uncertain numerical attribute Ai) do

14: µi = µ+
i ;

15: Ŝ2
i = (σ+

i )2 − (σ−

i )2;

16: end for;

end
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An important benefit of naive Bayesian classification is that it is incremental,

which means that the model can evolve gradually when more training data

becomes available. Many other classifications, on the contrary, require the

whole classification to be rebuilt with newly added training data. For example,

the decision tree is essentially non-incremental, with more training data, the

cut point and tree structure can be completely different and it is better to

rebuilt it. Please note that our NBU1 and NBU2 preserve the incremental

feature. For uncertain data, both µj and Ŝ2
j can be incrementally updated.

This is very important in data stream applications where new data constantly

becomes available and the classification should be continuously adjusted.

5.2 Prediction with the proposed classifiers

Once the parameters of Bayesian classification are learned from the training

data, it can be used to predict the class type of previously unseen data. Every

instance Tj may be predicted in different classes with certain probabilities. We

can compute a vector of every instance Tj.

Definition 4 The class distributions of every instance Tj can be denoted by

a vector CDV (Tj ,C ) = (P(C1 |Tj ),P(C2 |Tj ), ...,P(Cn |Tj ))
T , and we call it

a Class Distribution Vector (CDV) of the instance Tj.

Suppose Tj has m attributes, A1, A2, . . . , Am, among them p attributes are

uncertain numerical attributes and the rest are certain attributes. Then by

Equation (1), P (Ck|Tj), the probability Tj is in class Ck, should be:

P (Ck|Tj) =
P (Ck) ∗ Πp

j=1P (Aij|Ck) ∗ Πm
j=p+1P (Aij|Ck)

P (Ai1, Ai2, . . . , Aim)

We can compute P (Ck|Tj) for all classes and predict Tj to be the class with

the highest probability.

For every uncertain numerical attribute instance Aij, we need compute the

conditional probability that Aij falls within the uncertain interval [aj, bj]. This

probability can be computed based on the mean and variance of the uncertain

numerical attribute, which have been computed using Theorem 1 or Theorem
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2 based on training data. Suppose with respect to class Ck, the mean Ai is µik

and the variance of Ai is σ2
ik, then

P (Aij = [aj, bj]|Ck) =

bj
∫

aj

1√
2πσik

exp
−

(x−uik)2

2σ2
ik dx.

6 Experiments

Using Java, we implemented the proposed Bayesian classification to classify

uncertain data sets. When NBU1 and NBU2 are applied on certain data, they

work as the naive Bayesian classification (NB), which has been implemented

in Weka [29]. In the following experiments, we use ten times ten-fold cross val-

idation. For every ten-fold cross validation, data is split into 10 approximately

equal partitions; each one is used in turn for testing while the rest is used for

training, that is, 9/10 of data is used for training and 1/10 for test.

The experiments are executed on a PC with an Intel Pentium IV 3.2 GHZ CPU

and 2.0 GB main memory. In this section, we present the experimental results

of the proposed algorithm. As test domains we use 19 data sets, which are

described in Table 2, from the UCI repository [1]. In Table 2, Attrs gives the

number of numerical attributes out of the total number of attributes, column

m is the number of classes, n is the total number of tuples in the domain, and

V̄ is the average number of distinct values for an attribute.

To make numerical attributes uncertain, we convert every numerical value to

an uncertain interval with normal distribution as in books [5,14] and papers

[22,23]. The uncertain interval is generated around the original value, which

is the center point of the interval. In [28], every numerical value is converted

into a set of s sample points between the uncertain interval [aj, bj] with the

associated value f(x), effectively approximating every f(x) by a discrete distri-

bution. In the following sections, the data set with 10% uncertainty is denoted

by U10. For example, if an original value is 20, then its U10 has an interval [18,

22). Other notations have the similar meaning. We use U0 to denote accurate

or certain data sets.
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Table 2

Characteristic figures of the nineteen numerical data sets

Data set Attrs m n V̄

Abalone 7/8 29 4,177 863.7

Blood 4/4 2 748 43.8

Breast 30/30 2 569 481.1

Diabetes 8/8 2 768 156.8

Ecoli 7/7 8 336 51.9

Glass 9/9 6 214 100.7

Ionosphere 34/34 2 351 239.4

Iris 4/4 3 150 30.8

Letter 16/16 26 20,000 16

Liver 6/6 2 345 54.7

Magic 10/10 2 19,020 14710.7

Page 10/10 5 5,473 909.2

Satellite 36/36 6 4,435 76.3

Segment 19/19 7 2,310 628.3

Sonar 60/60 2 208 187.6

Vehicle 18/18 4 846 79.4

Waveform 21/21 3 5,000 714

Wine 13/13 3 178 98.1

Yeast 8/8 10 1,484 51.5

6.1 Accuracy

As prediction accuracy is by far the most important measure for a classification

method, we compared the prediction accuracy of NBU1 with that of NBU2.

The results are shown in Table 3, where every cell is the average accuracy. We
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make all numerical attributes uncertain for every data set.

Table 3 shows that the classifier built by NBU1 can be potentially more ac-

curate than NB for most data sets. For instance, for the glass data set, the

average accuracy is improved from 48.49% to 50.23%. NBU1 gives worse ac-

curacies than NB for few data sets, for instance, the blood data set. Table 3

also shows that NBU2 can build more accurate classification than NB on some

data sets. For instance, for the ionosphere data set, the average accuracy is

improved from 82.4% to 85.47%, which is big improvement. NBU2 gives worse

accuracies than NB for some data sets, for instance, the blood, diabetes, yeast

and vehicle data sets. Further, we find two exceptions: The accuracies of NBU2

are 64.94% and 19.01% for U1 and U5 of the ecoli data sets respectively. The

accuracies of NBU2 are 47.23% and 47.13% for U1 and U5 of the yeast data

sets respectively.

Comparing NBU1 with NBU2, we find the following phenomena. First, the

accuracy differences between NBU1 and NBU2 are small in most situations.

The difference between Theorem 1 and Theorem 2 is in the way variance is

computed. In Theorem1, variance is calculated as Ŝ2
1 = Ŝ2

A+B
2

+ ∆1; while in

Theorem 2, variance is calculated as Ŝ2
2 = Ŝ2

A+B
2

−∆2. In most situations, both

∆1 and ∆2 are small. Thus the difference between NBU1 and NBU2 is slight.

Second, we find Ŝ2
1 is a negative modification of Ŝ2

A+B
2

while Ŝ2
2 is a positive

modification of Ŝ2
A+B

2

. If Ŝ2
2 is too small, then NBU2 becomes unstable. The

reason is that when the estimated variance Ŝ2
2 is too small, a small change

in data value can result in great fluctuation in probability estimation, which

makes the classifier’s performance unstable. Therefore, ∆1 has small influence

on the NBU1 classification while ∆2 may have significant influence on NBU2,

which affects its robustness. Hence NBU1 is more stable than NBU2 in some

cases.

6.2 Computation time

We investigate the time it takes to construct a classification. Table 4 depicts

the absolute run time in seconds when all tuples of a data set are used to

build a classification. When data is certain, the time it takes to construct a
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classification is determined by the data set size in terms of both the number of

instances and dimensionalities. For example, Letter is the largest one among

all numerical data sets; therefore, it takes the longest time to build a classifier

for the naive Bayesian classifier.

Comparing with constructing an NB classification, constructing an NBU1

(NBU2) classification introduces extra overhead according to Theorem 1 (The-

orem 2). The workload increase is small. Thus we observe from Table 4 that

if the number of instances of a data set is not large, the time of construct-

ing an NBU1 (NBU2) classifier and an NB one is almost the same. However,

according to the naive Bayesian algorithm implemented in Weka, we should

calculate the numeric precision from differences between adjacent values of

numerical attributes. So if the number of instances of a data set is large, the

cost between constructing an NBU1 (NBU2) classification and constructing

an NB classification can not be ignored. We further observe that although the

letter data set has more instances than the magic data set, constructing an

NBU1 (NBU2) classification takes more time from the magic data set than

from the letter data set. The reason is that the magic data set has much more

distinct values than the letter data set, as shown in Table 2. We also observe

that the time it takes to construct an NBU1 and an NBU2 classifier are almost

the same. This is reasonable since the complexity of Theorem 1 and Theorem

2 are similar.

7 Conclusions

In this paper, we propose a novel Bayesian classification for classifying and pre-

dicting uncertain data sets. Uncertain data are extensively presented in mod-

ern applications such as sensor databases and biometric information systems.

Instead of trying to eliminate uncertainty and noise from data sets, this paper

follows the new paradigm of directly mining uncertain data. We integrate the

uncertain data model with Bayes theorem and propose new techniques to cal-

culate conditional probabilities. Besides laying the theoretical foundations for

enhancing naive Bayesian classification to process uncertain data sets, we show

how to put these concepts into practice. Our experimental evaluation demon-

strates that the classifiers for uncertain data can be efficiently constructed
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and effectively classify and predict even highly uncertain data. Further, the

proposed classification is more stable and more suitable for mining uncertain

data than the previous work [22].
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Table 3

Accuracy of NBU1 vs. NBU2 over data sets with all numerical attributes uncertain

Data U0 U1 U5 U10 U20

sets NB NBU1 NBU2 NBU1 NBU2 NBU1 NBU2 NBU1 NBU2

Abalone 23.82 23.85 23.82 23.76 23.7 23.58 23.51 23.52 23.46

Blood 75.4 74.62 74.46 74.68 74.54 74.78 74.57 74.93 74.73

Breast 93.19 93.23 93.15 93.32 93.26 93.39 93.29 93.57 93.29

Diabetes 75.68 75.21 75.08 75.21 75.08 75.43 75.16 75.15 75.03

Ecoli 85.48 86.83 64.94 84.69 19.01 86.17 86.31 86.23 85.84

Glass 48.49 48.51 48.4 49.91 49.61 50.23 50.18 48.49 48.41

Iono. 82.4 83.54 85.47 83.49 83.76 83.43 83.65 82.97 82.85

Iris 95.47 95.52 95.2 95.39 95.13 95.78 95.4 96.12 95.93

Letter 64.13 63.92 63.8 64.17 63.62 63.45 63.92 63.75 63.6

Liver 54.8 55.94 56.01 55.31 55.55 54.89 54.68 52.75 53.33

Magic 72.68 72.73 72.63 72.75 72.65 72.77 72.66 72.91 72.76

Page 90.14 89.98 89.99 90.13 90.03 90.18 90.07 90.16 90.1

Satellite 79.58 79.72 79.61 79.64 79.59 79.59 79.51 79.46 79.35

Segment 80.06 80.18 80.19 80.21 80.23 80.07 80.06 79.59 79.65

Sonar 67.73 69.07 69.07 67.63 67.63 67.15 67.15 67.14 67.15

Vehicle 44.42 45.01 44.85 44.44 44.47 44 43.97 44.49 44.07

Waveform 80.97 80.95 80.95 81.06 80.96 80.95 80.96 81.03 81

Wine 97.51 97.53 97.52 97.18 97.29 96.84 96.84 95.93 95.93

Yeast 57.8 56.05 47.23 58.04 47.13 57.73 54.15 58.49 56.7
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Table 4

Classifier construction time of uncertain numerical data sets

Data U0 U1 U5 U10 U20

sets NB NBU1 NBU2 NBU1 NBU2 NBU1 NBU2 NBU1 NBU2

Abalone 0.07 0.19 0.21 0.23 0.2 0.19 0.28 0.19 0.22

Blood 0.02 0.02 0.01 0.02 0.01 0.02 0.02 0.02 0.02

Breast 0.03 0.05 0.02 0.03 0.05 0.03 0.04 0.05 0.03

Diabetes 0.01 0.02 0.03 0.03 0.02 0.02 0.02 0.02 0.02

Ecoli 0.02 0.01 0.02 0.01 0.02 0.02 0.02 0.02 0.02

Glass 0.01 0.02 0.04 0.02 0.02 0.01 0.02 0.01 0.02

Iono. 0.02 0.03 0.03 0.03 0.03 0.03 0.03 0.03 0.03

Iris 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01

Letter 0.4 0.2 0.26 0.19 0.24 0.21 0.23 0.22 0.27

Liver 0.01 0.01 0.02 0.01 0.02 0.01 0.02 0.01 0.02

Magic 0.26 21.06 21.2 23.39 23.69 23.84 25.89 25.49 26.09

page 0.1 0.25 0.27 0.25 0.33 0.25 0.26 0.25 0.26

Satellite 0.1 0.16 0.19 0.14 0.19 0.17 0.19 0.18 0.19

Segment 0.05 0.15 0.16 0.14 0.16 0.05 0.16 0.16 0.16

Sonar 0.03 0.05 0.03 0.03 0.03 0.04 0.03 0.1 0.03

Vehicle 0.14 0.02 0.02 0.06 0.02 0.03 0.02 0.03 0.02

Waveform 0.08 0.58 0.6 0.55 0.56 0.56 0.67 0.52 0.61

Wine 0.01 0.02 0.02 0.01 0.02 0.01 0.02 0.01 0.02

Yeast 0.03 0.03 0.03 0.03 0.03 0.03 0.03 0.03 0.03
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